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Abstract Average diffusivity linear driving force (AD-

LDF) and concentration-dependent diffusivity linear driv-

ing force (CDD-LDF) approximations are introduced to

simplify the precise model describing the concentration-

dependent micropore diffusion in bidisperse sorbents, and

are compared with the precise model in predicting the

dynamics of a sorption process under two different per-

turbations (i.e., step change perturbations and sinusoidal

wave perturbation) with different concentrations imposed

at the exterior surface of the bidisperse sorbent. The per-

formance of the two approximations is validated by the

precise model and experiments. The AD-LDF performs

better in step adsorption and CDD-LDF does better in step

desorption. Under sinusoidal wave perturbation, the CDD-

LDF performs better. The different levels of consistency of

the two approximations with the precise model are attrib-

uted to the different definitions of the diffusivities.

Keywords Approximation � Linear driving force �
Concentration-dependent � Micropore diffusion �
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List of symbols

b Langmuirian gas–solid interaction parameter

(m3/mol)

C Concentration in macropores (mol/m3)

Cb Concentration in bulk fluid (mol/m3)

Ch Upper limit concentration in bulk fluid (mol/m3)

Ci Initial concentration in macropores (mol/m3)

D Diffusivity in Glueckauf’s LDF (m2/s)

Dc Diffusivity for micropore diffusion (m2/s)

Dc0 Limiting micropore diffusivity at zero loading in

crystals (m2/s)

Dc Average diffusivity for micropore diffusion (m2/s)

Deff Effective diffusivity (m2/s)

Dp Diffusivity for macropore diffusion (m2/s)

q Loading in crystals (mol/m3)

qi Initial loading in crystals (mol/m3)

qs Saturation loading in crystals (mol/m3)

q* Equilibration loading in crystals (mol/m3)

q Volume-averaged loading in crystals (mol/m3)

qmax Maximum loading in crystals (mol/m3)

r Crystal coordinate (m)

rc Radius of crystal (m)

R Sorbent coordinate (m)

Rp Radius of sorbent (m)

t Time (s)

Dta Adsorption time (s)

Dtd Desorption time (s)

DTa Perturbation period for adsorption (s)

DTd Perturbation period for desorption (s)

Greek letters

e Porosity of sorbent, dimensionless

q Density of sorbent (kg/m3)

h Dimensionless adsorbed amount of adsorbate

U Dimensionless absolute deviation

Subscripts and superscripts

a Adsorption

b Bulk

c Crystal

d Desorption

h High value
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i Initial

p Pellet

s Saturation

0 Zero loading

* Equilibration

Max Maximum

AD-LDF Average diffusivity linear driving force

approximation

CDD-LDF Concentration-dependent diffusivity linear

driving force approximation

eff Effective

precise Precise bidisperse pore diffusion model

1 Introduction

Most industrial porous sorbents, especially granulated

zeolites, have a bidisperse pore structure, consisting of the

macropores between microparticles (e.g., crystals) and the

micropores in the microparticles. There are two distinct

diffusional resistances to mass transfer (i.e., the macropore

diffusional resistance and the micropore diffusional resis-

tance) in the bidisperse sorbents, and two film resistances

on the surfaces of sorbents and microparticles (Do 1990),

in which the four mass transfer resistances have their

influences on the overall performance of adsorption in

series or parallel.

Modeling the mass transfer process in the bidisperse

sorbents is needed for industrial design and optimization of

adsorption separation operations, e.g., pressure swing

adsorption, temperature swing adsorption, and simulated

moving bed absorption. To evaluate the relative impor-

tance of the diffusion resistances, a criterion provided by

Ruthven and Loughlin (1972) can be used, which is based

on a bidisperse porous model established by Ruckenstein

et al. (1971) When the mass transfer is controlled by the

macropore or micropore diffusion, the macropore or

micropore diffusion degenerated models can be used.

However, in most cases, both the resistances exist, and thus

the bidisperse models have to be used to reflect the real

nature of the bidisperse sorbents.

The precise bidisperse model is constructed by coupling

the mass balance equations for the macropores with those

for the micropores. Different diffusion mechanisms are

involved in the pore network, including molecular diffu-

sion, Knudsen diffusion, and surface diffusion. In mi-

cropores, a precise treatment of the driving force for

diffusion is the chemical potential gradient (Farooq and

Ruthven 1991; Farooq et al. 1993; Jolimaitre et al. 2002;

Khalighi et al. 2012; Lettat et al. 2011). All this makes the

precise bidisperse model very complicated. Solving these

equations without any simplification is time consuming

(Cruz et al. 2006). To match the fast dynamics of the

adsorption process for real time simulation, control and

optimization, approximations with acceptable accuracy are

generally required.

The most widely used approximation for the mass

transfer in micropores or macropores with the assumption

of the constant Fick’s diffusivity is the linear driving force

(LDF) (Glueckauf and Coates 1947), i.e.,

oq

os
¼ 15D

R2
p

q� � qð Þ ð1Þ

where q* is the loading on the surface and qis the volume-

average loading in the pellet. With this LDF approximation,

the partial differential mass balance equation in the particle

is transformed into a much simpler ordinary differential

equation, in which the uptake rate is proportional to the

difference between the surface concentration and the aver-

age concentration within the sorbents. The LDF can be

derived by assuming a parabolic concentration profile (Liaw

et al. 1979) which has been widely used to approximate the

concentration profile in sorbents (Lai and Tan 1991; Do and

Rice 1995; Yao and Tien 1993, 1998; Zhang and Ritter

1997; Xiu 1996; Xiu et al. 1997) and catalysts (Goto et al.

1990; Goto and Hirose 1993). Li and Yang (1999) proposed

a generalized concentration profile and showed that only the

2nd-order and 5th-order binomial concentration profile

could yield a proper volume-average uptake.

For the mass transfer in the bidisperse sorbents, Azev-

edo and Rodrigues (1999) proposed a bilinear driving force

(bi-LDF) approximation with the assumption of the con-

stant Fick’s diffusivity for both micropore and macropore

diffusion. The bi-LDF approximation can be used for the

simulation of concentration-independent diffusion pro-

cesses (Azevedo and Rodrigues 1999; Grande and Rodri-

gues 2004; Liu et al. 2012), but it is inadequate for the

simulation of concentration-dependent diffusion processes

(Krishna and Baur 2003).

The diffusivity could be measured by various experi-

mental methods, e.g., zero-length column method, uptake

rate measurements, chromatographic measurements etc.,

which is summarized in some works (Do 1998; Ruthven

2008; Ruthven et al. 2008). In fact, the Fick’s diffusivity in

micropores is strongly concentration-dependent, as is evi-

denced by the detailed experimental studies of diffusion in

zeolites and carbon molecular sieves (Jolimaitre et al.

2001, 2002; Garg and Ruthven 1972; Skoulidas and Sholl

2001; Ruthven 2004; Jobic et al. 2005; Kärger and Ruthven

1992). Therefore, adequate approximations are needed to

simplify the mass balance equations describing the con-

centration-dependent diffusion. Botte et al. (1999), Grande

and Rodrigues (2005), as well as Khalighi et al. (2012)

employed the concentration-dependent diffusivity in LDF

equation to simplify the mass balance equations, in which
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the models were however only used for the specific

adsorption separation condition. Up to now, a systematic

evaluation of different LDF based strategies for the sim-

plification of concentration-dependent diffusion process

has not been reported in the literature.

In this work, two approximations are introduced to

simplify the micropore diffusion in the bidisperse sorbents,

namely, the average diffusivity linear driving force (AD-

LDF) approximation and the concentration-dependent dif-

fusivity linear driving force (CDD-LDF) approximation.

The two approximations are systematically evaluated under

two different perturbations (i.e., step change perturbations

and sinusoidal wave perturbation) with different concen-

trations imposed at the exterior surface of the bidisperse

sorbent. These perturbations are frequently encountered in

practical operations (Cruz et al. 2006). The concentration

profile in the macropores, determined by the precise bi-

disperse model, is set as the boundary condition for

micropore diffusion equations to reflect the real nature of

bidisperse sorbents, and both the AD-LDF and CDD-LDF

for micropore diffusion are subject to this same boundary

condition. For different perturbations with different con-

centrations, appropriate approximations are suggested for

the concentration-dependent diffusion under different

conditions. Finally, comparison with experiments (Garg

and Ruthven 1972; Ruthven 2004) and traditional LDF is

made to validate the two approximations.

2 Theory

2.1 Models assumptions

It is assumed that the spherical sorbent consists of uniform

microporous spheres and no temperature gradient exists in

the sorbent (Solsvik and Jakobsen 2011; Hu and Do 1996).

The following additional assumptions are made:

(1) Ideal gas and negligible viscous flow in the sorbent.

(2) No film resistances on the exterior surfaces of the

sorbents and microparticles.

(3) Instantaneous equilibrium between the gas phase in

the macropores and adsorbed phase on the surface of

the microparticles.

(4) Negligible adsorption in the macropores and Lang-

muir adsorption in the micropores.

(5) The driving force for molecular transport assumed to

be the chemical potential gradient and the mobility

assumed to be concentration-independent.

2.2 Precise bidisperse pore diffusion model

The precise bidisperse pore diffusion model is used as the

standard to evaluate the two approximations, and the

concentration profile in macropores is set as the boundary

condition for micropore diffusion equations to reflect the

real nature of bidisperse sorbents.

The mass balance equation in macropores is

e
oC

ot
þ q

oq

ot
¼ e

Dp

R2

o

oR
R2 oC

oR

� �
ð2Þ

where q is the volume-average loading. The initial and

boundary conditions are

oC

oR
¼ 0 at R ¼ 0; t [ 0 ð3Þ

C ¼ Cb at R ¼ Rp; t [ 0 ð4Þ

C ¼ Ci at t ¼ 0; 0�R�Rp ð5Þ

where Cb is the bulk gas concentration at the exterior

surface of the sorbent.

The mass balance equation in the micropore is

oq

ot
¼ 1

r2

o

or
r2Dc

oq

or

� �
ð6Þ

and the initial and boundary conditions are

oq

or
¼ 0 at r ¼ 0; t [ 0 ð7Þ

q ¼ f Cð Þ at r ¼ rc; t [ 0 ð8Þ
q ¼ qi at t ¼ 0; 0� r� rc ð9Þ

where C is the concentration in the macropores, which

varies with time and radial position in the sorbent. The

loading on the microparticle surface is described by

Langmuir isotherm

q ¼ qsbC

1þ bC
ð10Þ

and the micropore diffusivity is represented by Darken’s

law:

Dc ¼ Dc0

d In Cð Þ
d In qð Þ ð11Þ

where Dc0 is the limiting micropore diffusivity at zero

adsorbate concentration.

2.3 AD-LDF approximation

The concentration-dependent diffusivity for the mass

transfer in micropores, i.e., Dc in Eq. (6), can be replaced

by an average diffusivity as an approximation (Garg and

Ruthven 1972). With the averaged diffusivity, the LDF

model, Eq. (1), can be used to approximate Eq. (6) for the

mass transfer in micropores. The average diffusivity is

described by
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Dc ¼
R qmax

0
Dc0

d In Cð Þ
d In qð Þ dqR qmax

0
dq

ð12Þ

oq

ot
¼ 15Dc

r2
c

q� � qð Þ ð13Þ

where qmax is the maximum loading in the micropores of

the sorbents during the sorption process. The equilibrium

loading on the crystal surface (q*), which is the function of

time and radial position of the pellet (R), is determined

according to Eq. (10) with the corresponding concentration

in macropores [C(t,R)].

2.4 CDD-LDF approximation

In the microparticle, the volume-average loading and its

time derivative are

q ¼ 1
4
3
pr3

c

Zrc

0

q r; tð Þ4pr2dr ¼ 3

r3
c

Zrc

0

q r; tð Þr2dr ð14Þ

oq

ot
¼ 3

r3
c

Zrc

0

oq

ot
r2dr ð15Þ

Combining Eqs. (6), (11) and (15), and replacing q with q

in Eq. (11) as a compromise between satisfying the para-

bolic concentration profile and best approximating the

Table 1 Properties of sorbents, and parameters of kinetics and

equilibrium

Property Symbol Units Value

Sorbent radius Rp m 10-3

Crystal radius rc m 10-6

Pellet porosity e – 0.44

Macropore diffusivity

(considering tortuosity)

Dp m2/s 10-5

Limiting micropore diffusivity

at zero loading in crystals

Dc0 m2/s 2 9 10-14

Saturation loading in crystals qs mol/m3 771.3

Langmuirian gas–solid

interaction parameter

b m3/mol 0.5

Fig. 1 Uptake curves for the step adsorption perturbation (Eq. 24). Dimensionless maximum loading (qmax/qs) in crystals is a 0.1, b 0.5, c 0.7

and d 0.9 during the sorption process
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precise model, the time derivative of the volume-average

loading becomes

oq

ot
¼ 3

r3
c

Zrc

0

o

or
r2Dc0

o In Cð Þ
o In qð Þ

oq

or

� �
dr¼ 3

r3
c

Dc0

o In Cð Þ
o In qð Þ

oq

or

����
r¼rc

ð16Þ

In the microparticle, a parabolic loading profile is assumed

(Liaw et al. 1979), i.e.,

q t; rð Þ ¼ A tð Þ þ B tð Þr2 ð17Þ

where A(t) and B(t) are functions of time, which can be

determined from the two boundary conditions, i.e., Eqs. (7)

and (8).

A tð Þ ¼ q t; rcð Þ � 5

2
q t; rcð Þ � q½ � ð18Þ

B tð Þ ¼ 5

2r2
c

q t; rcð Þ � q½ � ð19Þ

Substituting Eqs. (18) and (19) into Eq. (17), we obtain

q t; rð Þ ¼ q t; rcð Þ � 5

2
q t; rcð Þ � q½ � þ 5

2r2
c

q t; rcð Þ � q½ �r2

ð20Þ

Then the radial derivative of the loading in the micropar-

ticles is

oq

or

����
r¼rc

¼ 5

rc

q t; rcð Þ � q½ � ð21Þ

Finally, substituting Eq. (21) into Eq. (16), we have the

CDD-LDF approximation,

oq

ot
¼ 15

r2
c

Dc0

o In Cð Þ
o In qð Þ q� � qð Þ ð22Þ

where dln(C)/dln(q) is determined by Eq. (10). Comparing

the AD-LDF (Eq. 13) with the CDD-LDF (Eq. 22) we can

see that they have the same form but different definitions of

diffusivity. The equilibrium loading on the crystal surface

(q*) is identical to the one in Eq. (13), ensuring that AD-

LDF and CDD-LDF share the same boundary condition on

the crystal surface. The deduced Eq. (22) in this paper is

identical to the one directly used in the literature of Grande

and Rodrigues (2005) as well as Khalighi et al. (2012)

2.5 Comparison between AD-LDF and CDD-LDF

The performances of AD-LDF and CDD-LDF are sys-

tematically studied under two types of perturbations

imposed at the particle surface, i.e., step change and

sinusoidal wave perturbations. The step change perturba-

tions reflect the condition at the inlet of the adsorption

column, while the sinusoidal wave perturbation corre-

sponds to a smooth variation of concentrations inside the

adsorption column (Cruz et al. 2006).

The step change perturbations are described by

Cb ¼ Ch adsorptionð Þ ð23Þ
Cb ¼ 0 desorptionð Þ ð24Þ

and the sinusoidal wave perturbation is represented by

Cb ¼
Ch

sin
2pDta

DTa

� 1

2
p

� �
þ 1

� �

2
adsorption periodð Þ

Ch

sin
2pDtd

DTb

� 1

2
p

� �
þ 1

� �

2
desorption periodð Þ

8>>>>>><
>>>>>>:

ð25Þ

where Dta and Dtd are adsorption time and desorption time,

DTa and DTd are the perturbation periods for adsorption

and desorption. Ch is the upper limit, while zero is the

lower limit.

The dimensionless adsorbed amount of adsorbate (h) is

defined by

h ¼
R Rp

0
q R; tð Þ4pR2dR

qmax
4
3
pR3

p

ð26Þ

where q R; tð Þ, the volume-average microparticle loading

calculated from Eqs. (13) or (22), is a function of time and

radial position in the sorbent.

For a reasonable evaluation of the performances of AD-

LDF and CDD-LDF, the dimensionless absolute deviations

between the approximations and precise solution are used:

Fig. 2 Dimensionless absolute deviations under the step adsorption

perturbation. AAD-LDF and ACDD-LDF are described by Eqs. (27) and

(28), respectively
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/AD�LDF ¼
X

hAD�LDF � hprecise

�� �� ð27Þ

/CDD�LDF ¼
X

hCDD�LDF � hprecise

�� �� ð28Þ

3 Results and discussion

To compare the performance of AD-LDF and CDD-LDF

under different perturbations, they are used to simulate the

diffusion of 2-methylpentane (2-MP) in the bidisperse sil-

icalite sorbent, with the solutions of precise model as a

standard. Table 1 summarizes the parameters for simula-

tion, which are adopted from Jolimaitre et al. (2002).

3.1 Step adsorption perturbation

Figure 1 shows the uptake curves of the precise model, the

AD-LDF and the CDD-LDF under step adsorption pertur-

bation, and Fig. 2 shows the dimensionless deviations of the

AD-LDF and the CDD-LDF from the precise model. The

time-dependent adsorbed amount calculated by the AD-LDF

is relatively closer to the precise solution (as seen in Figs. 1

and 2), indicating that the AD-LDF is the more favorable

approximation under the step adsorption perturbation.

For a easy understanding of the different levels of the

consistency of the two approximations with the precise

model, we use a sorption rate equation of the same form of

the AD-LDF and the CDD-LDF to fit the precise model, i.e.,

oq

ot
¼ 15Deff

r2
c

q� � qð Þ ð29Þ

where Deff is the time dependent effective diffusivity

determined by fitting the precise solution. Then, the dif-

ferent levels of the consistency of the two approximations

with the precise model can be finally attributed to the

different diffusivities.

The effective diffusivity can be obtained in analytical

form (Hsuen 2000; Carta 1993) when it is assumed con-

centration-independent. However, it is concentration-

dependent in this work and can be calculated numerically

as follows,

Deff tnð Þ ¼ r2
c

q tnþ1ð Þ � q tnð Þ½ �= tnþ1 � tnð Þ
15 q� � q tnð Þ½ � n ¼ 1; 2; 3. . .

ð30Þ

Fig. 3 Dimensionless diffusivities (Deff/Dc0, DAD-LDF/Dc0 and DCDD-LDF/Dc0) for the step adsorption perturbation. Dimensionless maximum

loading in crystals is a 0.1, b 0.5, c 0.7 and d 0.9 during the sorption process
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where q tnð Þ is obtained by numerically solving the precise

model at the ‘nth’ time point. Figure 3 presents the Deff,

DAD-LDF and DCDD-LDF with different dimensionless

maximum loadings (0.1, 0.5, 0.7 and 0.9) under the step

adsorption perturbation. Comparing with DCDD-LDF,

DAD-LDF is closer to Deff, which is responsible for the better

performance of the AD-LDF approximation.

3.2 Step desorption perturbation

The precise model, AD-LDF and CDD-LDF are compared

under the step desorption perturbation with different

dimensionless maximum loadings, and the results are

shown in Figs. 4 and 5. The time-dependent adsorbed

amount calculated by CDD-LDF is much closer to the

precise solution (as seen in Fig. 4) and ACDD-LDF is smaller

than the corresponding AAD-LDF (as seen in Fig. 5), espe-

cially at high adsorbate concentrations, which means that

CDD-LDF is the more favorable approximation under the

step desorption perturbation.

For the step desorption perturbation, the time dependent

Deff could also be obtained in the numerical way according

to Eq. (30). However, when the desorption time is long, the

Deff cannot be accurately calculated with the numerical

method due to the truncation error and roundoff error, and

the Deff would be around 2/3DC0 according to the work of

Fig. 4 Uptake curves for the step desorption perturbation (Eq. 25). Dimensionless maximum loading in crystals is a 0.1, b 0.5, c 0.7 and d 0.9

during the sorption process

Fig. 5 Dimensionless absolute deviations under the step desorption

perturbation. AAD-LDF and ACDD-LDF are described by Eqs. (27) and

(28), respectively
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Hsuen (2000). The Deff presented in Fig. 6 is determined

within 2 s as the data is reliable and sufficient to explain

the results in Fig. 4. Comparing with DAD-LDF, DCDD-LDF is

closer to Deff, which is responsible for the better consis-

tency level the CDD-LDF with the precise model.

3.3 Sinusoidal wave perturbation

The precise model, AD-LDF and CDD-LDF are further

evaluated under the sinusoidal wave perturbation with

different dimensionless maximum loadings. The results are

presented in Figs. 7 and 8.

The time-dependent adsorbed amount of AD-LDF is

relatively closer to the precise solution during the adsorp-

tion period, while the time-dependent adsorbed amount

calculated by CDD-LDF is relatively closer during

desorption period. All these results coincide with the ones

under the step change perturbations, and can also be

explained in the same way, which are presented in part 3.1

and 3.2.

In Fig. 8, ACDD-LDF is slightly higher than AAD-LDF

when the dimensionless maximum loading is small, i.e., 0.1

and 0.5, and is however much smaller than AAD-LDF when

it is large, i.e., 0.7 and 0.9. Generally, the CDD-LDF is a

better approximation under the sinusoidal wave perturba-

tion, especially at high loading in sorbent.

3.4 Validation with experiments

To further validate the AD-LDF and CDD-LDF approxi-

mations, they are used to simulate a sorption process

without macropores and compare with traditional LDF

approximation and experimental data available from liter-

ature (Garg and Ruthven 1972; Ruthven 2004). The results

are shown in Figs. 9 and 10. The same conclusions can be

made that AD-LDF performs better in adsorption stage,

Fig. 6 Dimensionless diffusivities (Deff/Dc0, DAD-LDF/Dc0 and DCDD-LDF/Dc0) for the step desorption perturbation. Dimensionless maximum

loading in crystals is a 0.1, b 0.5, c 0.7 and d 0.9 during the sorption process
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while the CDD-LDF does better in desorption stage. In

general, both are better approximations than traditional

LDF. Even better results can be obtained when AD-LDF

and CDD-LDF are used alternatively at different stages in

sorption processes.

4 Conclusions

In this work we systematically evaluate two LDF based

approximations, i.e., the AD-LDF and the CDD-LDF, for

concentration-dependent micropore diffusion in bidisperse

sorbents. AD-LDF has a better consistency with the precise

model under step adsorption perturbation. However, the

CDD-LDF is more favorable when the process is subject to

the step desorption perturbation. When it is under sinusoidal

wave perturbation, the CDD-LDF performs better than the

AD-LDF, especially at high adsorbate concentrations. We

attribute these results to the difference between the diffu-

sivities of the two approximations and the effective diffu-

sivities of the precise model. In general, both approximations

are better than traditional LDF, and even better performance

can be expected when AD-LDF and CDD-LDF are used

alternatively at different stages in sorption processes.

LDF based approximations perform reasonably well in the

time region where the sorption equilibrium is about to be

Fig. 7 Uptake curves under sinusoidal wave perturbation (Eq. 26). Dimensionless maximum loading in crystals is a 0.1, b 0.5, c 0.7 and d 0.9

during the sorption process

Fig. 8 Dimensionless absolute deviations under sinusoidal wave

perturbation. AAD-LDF and ACDD-LDF are described by Eqs. (27) and

(28), respectively
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reached, which indicates the parabolic approximation is accu-

rate in that region. However, according to the precise model, the

uptake rate is infinite at zero time, which is hard to be replicated

by any LDF based models. This leads to a strong variation in the

apparent transport coefficient at the beginning of adsorption or

desorption. Therefore, in some modeling situations where the

adsorption–desorption cycle period is very short, the deviations

between the real uptake curve and the ones calculated by LDF

based approximations can be significant.
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